Abstract: This work is a step towards merging the ideas that arise from semiclassical methods in continuum QFT with analytic/numerical lattice field theory. In this context, we consider Yang-Mills theories coupled to fermions in the adjoint representation. These theories have the remarkable property that confinement and discrete chiral symmetry breaking can persist at weak coupling on small (non-thermal)
Introduction
Confinement is a feature of strong interactions emerging in the long distance physics of certain non-Abelian gauge theories. The effective low energy degrees of freedom of these theories are colorless bound states which cannot be described in simple terms by the fundamental fields. Non-perturbative features of the strongly interacting regime like the bound state particle spectrum are consequently still beyond any analytical understanding. Despite the success of the numerical lattice simulations in reproducing the observed hadron masses, an understanding of the nature of confinement is still missing on R 4 . Perturbation theory can provide a reliable approximation of scattering processes only at very high energy, but it cannot explain the structure and the properties of low energy states.
An interesting approach for a better analytical understanding is based on a controlled semiclassical analysis that tries to identify the most relevant field contributions as in the Polyakov model on R 3 [1] . However, despite the important success of the Polyakov model, these ideas remained dormant in QCD context, mainly due to two reasons: One is that it was often believed that the Polyakov mechanism was a manifestly 3d mechanism, and the other is that in theories with exactly massless fermions, the Polyakov mechanism would not work [2] . About ten years ago, new ideas and techniques in semi-classics started to emerge and the utility of (justified) semi-classics into non-perturbative problems in QCD and other vector-like and chiral gauge theories has been realized [3] [4] [5] [6] . For related earlier work, see [7] [8] [9] [10] .
More recently theories with matter fields in the adjoint representation of the gauge group and certain supersymmetric theories became a valuable subject of these investigations [11, 12] using tools of resurgence, and Picard-Lefschetz theory. The QFT application of resurgence may potentially provide a rigorous non-perturbative definition of path integral in continuum QFT. At least, in certain quantum mechanichal context with instantons, it is proven that path integral can be decoded into a full semi-classical resurgent expansion [13] , and in certain asymptotically free 2d QFTs, such as 2d CP N −1 and principle chiral models, ideas related to resurgence have been fruitful to partially resolve the renormalon problem [14] [15] [16] .
The semiclassical analysis corresponds to a sum of the expansions around the dominant field configurations in a regime where weak coupling methods are reliable. (See [14] for a recent review.) The inclusion of non-trivial configurations should overcome the limitation of standard perturbation theory by incorporating exponentially small non-perturbative effects of the form e −A/(g 2 N ) where A is pure number and (g 2 N ) is the 't Hooft coupling.
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If one space-time dimension is thermally compactified and the size of the compact dimension R is smaller than the strong length scale Λ −1 , the theory becomes weakly coupled due to asymptotic freedom. In this regime, QCD and Yang-Mills theories are in the deconfined phase as can be shown by studying Gross-Pisarski-Yaffe (GPY) potential [17] . Consequently this region is disconnected by a phase transition (or crossover) from the large R low energy confined phase that one aims to understand. Furthermore, the dynamics of the theory at distances much larger than R is governed by 3d pure Yang-Mills, which develops the strong (magnetic) scale of its own.
The situation is different in a gauge theory where the fermion fields are in the adjoint representation and fulfill periodic boundary conditions in the compact direction. order to reduce the discretization effects. We consider the order parameters for the chiral and the deconfinement transition. The primary focus is on supersymmetric Yang-Mills theory, but we have also investigated the N f dependence in a numerical study of N f = 2 QCD(adj).
In the next two chapters we introduce the general lattice formulations and the order parameters for the investigations of the phase transitions. In Section 4 we provide a detailed discussion of the perturbative effective potential of the Polyakov loop on the lattice and in the continuum. Based on the analysis of the effective potential, we derive predictions of the phase diagram of QCD(adj) in the weak coupling regime and conjectures about the general phase diagram in Section 5. After these theoretical considerations, we present our numerical results in Section 6. The signals for deconfinement are investigated in N f = 1 and N f = 2 QCD(adj). In addition we present results for the per-site constraint effective potential of the Polyakov line phase, the adjoint Polyakov loop, and the chiral condensate in the N f = 1 case. 
Adjoint QCD on the lattice

QCD(adj) consists of a non-Abelian gauge-field
where F µν is the field strength tensor and the covariant derivative D µ acts in the adjoint representation. 2 We consider SU(N c ) gauge groups and we only focus our numerical simulations on N c = 2. Two Majorana spinors can be combined to a single Dirac spinor. Hence the counting of Majorana flavors N f corresponds formally up to a factor 1/2 to the Dirac flavour counting used in QCD. The special case of N f = 1 QCD(adj) is N = 1 supersymmetric Yang-Mills theory (SYM) and the fermion λ is called gluino, the superpartner of the gluon. Supersymmetry is obtained in the massless limit since a finite m breaks supersymmetry.
The lattice discretization of QCD(adj) can be chosen in several different ways. We use for the discretization of S g the tree level Symanzik improved gauge action, composed of square and rectangular Wilson loops of size 1 × 2 (W (2, 1) µν ) and 1 × 1 (W (1, 1) µν ),
Tr W (1, 1) µν (x) − 1 12 x,µ>ν Tr W (2, 1) µν (x) + W (1, 2) νµ (x)
2)
The discretization of S f is more involved. According to the Nielsen-Ninomiya theorem the implementation of a local Dirac operator on the lattice either leads to additional fermion degrees of freedom (doublers) or requires the breaking of chiral symmetry. In our approach we use a Wilson-Dirac operator which introduces an additional spin-diagonal term to decouple the doubler modes at the cost of an explicit chiral symmetry breaking, see e.g. for a description of doublers and Wilson term [30] .
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The fermion part of our lattice action is
with the Wilson-Dirac operator
where V µ (x) are the link variables in the adjoint representation and F µν is the clover plaquette. The hopping parameter κ is related to the bare gluino mass m 0 via κ = 1/(2m 0 + 8).
We have explored different strategies for the tuning of the gauge coupling β =
and of the parameters of the Wilson-Dirac operator. The first natural choice is the same setting as employed in earlier investigations of the bound spectrum of the theory [33] . In these simulations the clover coefficient c sw has been set to zero and one level of stout smearing has been applied on the links V µ (x) of the Dirac operator.
In this framework β = 1.75 is good compromise between the simulation cost and the control of lattice supersymmetry breaking [33, 34] . In an alternative setup, we have also simulated the theory using unsmeared links and c sw = 1, such that the leading order chiral symmetry breaking effects are removed from on-shell quantities [35] . Different lattice actions provide the same information about the phase structure of the theory up to lattice discretization errors, enabling us to check the reliability and the consistency of our simulations. The integration of each Majorana fermion field yields the Pfaffian Pf(CD w ), where C is the charge conjugation matrix. The Pfaffian is real but not necessarily positive on lattice. In continuum theory, the Pfaffian is real positive. A sign problem appears in the Wilson formulation for odd N f in regions where the mass of the "adjoint pion", the lightest gluino-ball, is small and lattice artefacts are dominant. The sign problem vanishes in the continuum limit. Based on our previous experience of lattice simulations of N = 1 SYM, we already know in the bare parameter space where the contribution from negative Pfaffian configurations is negligible. A positive Pfaffian is assumed in the following sections.
In numerical simulations the lattice extend is finite in all directions. Periodic boundary conditions are always applied in the three spacial directions. Our aim is the investigation of the compactified theory on a torus. Hence the extend in the spacial directions is assumed to be large enough to emulate the infinite volume limit and the temporal direction is compactfied:
If anti-periodic boundary conditions are used for fermions on S 1 direction, the theory on T 3 × S 1 torus emulates the thermal partition function on R 3 × S 1 . If periodic boundary conditions are used for fermions on S 1 direction, the theory on torus corresponds to twisted partition function (1.1) with no thermal interpretation. The latter setup can be used to realize the notion of adiabatic continuity.
Lattice simulations have to challenge discretization and finite volume effects. Finally, numerical instabilities of the Rational Hybrid Monte Carlo algorithm forbid simulations at very small gluino masses. Hence SYM can be simulated only with non-vanishing soft supersymmetry breaking mass term. The continuum limit and the massless limit must be extrapolated from the numerical data.
Order parameters for the phase diagram of adjoint QCD
The lattice action is invariant under center symmetry transformations, corresponding to the multiplication of the gauge links in time direction on a given time-slice with a discrete phase rotation exp (iφ n ) with φ n = 2πn/N c . The deconfinement transition is identified with the spontaneous breaking of this symmetry at high temperatures. The quark fields in QCD, which are fermions in the fundamental representation, break center symmetry explicitly if one imposes periodic or anti-periodic boundary conditions. The symmetry is, however, preserved for fermions in the adjoint representation.
The Polyakov loop is the order parameter of the deconfinement phase transition. It is the path ordered product of the links in the fundamental representation along a line which wraps in the compact direction
where V 3 denotes the three-dimensional lattice volume of the non-compactified directions. The confined and deconfined phases are distinguished by a zero or non-zero expectation value of P L . We consider in addition the Polyakov loop in adjoint representation P A L , the path ordered product of links in the adjoint representation. The adjoint Polyakov loop is not an order parameter of the deconfinement transition due to the screening of the adjoint color charge. More generally arbitrary windings n of the Polyakov loop can be considered
which is equivalent to consider loops in all representations. The eigenvalues of the Polyakov line W (Nt) play an important role in the discussions of the perturbative effective action in Section 4.
In the massless limit, classical SYM has an additional U (1) chiral symmetry λ → exp {−iθγ 5 }λ. This is not a symmetry in quantum theory due to global ABJ anomaly. The genuine symmetry of the quantum theory is Z 2Nc in case of the gauge group SU(N c ). The discrete symmetry is broken spontaneously to Z 2 , and the theory has N c isolated discrete vacua. The chiral condensate is the order parameter for this transition. It is defined as the derivative of the logarithm of the partition function with respect to the fermion mass, equal to the expectation value of the quark bilinear λ λ . This operator is multiplicatively and additively renormalized in the Wilson formulation of lattice fermions. In case of N f > 1 more general condensates like det(λ i λ j ) are possible [4] which we have not considered in our present work.
A susceptibility can be defined for the order parameters O as
where V is the three-dimensional volume for the Polyakov loop or the four-dimensional volume for the chiral condensate. The phase transition can be identified by the peak of the susceptibility and the divergence of this peak in the infinite volume limit. The susceptibility is subject to rather large finite volume corrections. The Binder cumulant,
provides a signal with smaller finite size corrections. The deconfinement transition is expected to be in the three-dimensional Ising universality class [36] , and the B 4 value at the transition should be 0.46548(5) [37] , while in the confined and deconfined phase it is equal to zero and 2/3 respectively. In previous numerical simulations we have determined the deconfinement and chiral transitions in SYM at finite temperature. With thermal boundary conditions, the temperature corresponds the the inverse of the compactification radius T = 1/R. We have been able to observe a significantly different behaviour in the case of periodic boundary conditions for fermion fields in [29] , by exploring the phase diagram in the space of the bare lattice parameters β and κ at fixed N t . The deconfinement transition line does not intersect the critical line corresponding to the zero renormalized gluino mass. The clear separation of the two lines is already a signal of continuity, but the control of lattice artefacts and the interpretation of the phase diagram in terms of renormalized physical quantities is difficult. We follow a different approach in the present work. We keep fixed bare parameters, therefore the lattice spacing a and the gluino mass are constant, and the length of the compactification radius is changed by changing the number of lattice points N t = R/a in the temporal (compactified) direction.
Perturbative effective potential for the Polyakov loop on the lattice
The confined and deconfined phases as a function of R, m and N f can be inferred from the effective potential of the Polyakov line, that can be calculated straightforwardly in the one-loop approximation. The effective potential is usually identified with the free energy density at a constant background gauge field G µ , which is at the one loop level determined from the quadratic fluctuations. The background is chosen such that the link in time direction G 4 is diagonal and all other links are set to the identity. In the case of SU (2) we have
and Polyakov loop then reads
Confinement (center-stability) is realized if the minima of the effective potential for the Polyakov line phase (holonomy) φ is located at φ = π/2 mod π. In the deconfined phase there is a minimum at φ = 0 mod π. For a general SU(N c ) gauge group, the background configuration is
where
. .
The effective potential of QCD(adj) in the one loop approximation is the sum of gluons, ghost, and fermion contributions. On the lattice the gauge links with the fluctuation field A µ around the constant background G µ are represented as 5) and the gluon action is expanded in a power series of g. The kinetic part of the gluon Lagrangian is
where the gauge fixing term
has been added to the action to fix the gauge of the field A µ (x) while preserving gauge invariance with respect to background field G µ . Only the standard Wilson plaquette action part is relevant in this computation. D + and D − denote the forward and backward lattice covariant derivatives
The kinetic part of the ghost field η is similarly 
The action is quadratic in fluctuating fields A µ , η and λ in the one-loop approximation, therefore these fields can be integrated out leading to
Each boson field contributes to V eff with a prefactor + 1 2 , and each fermion field with a prefactor −1. The first term comes from the gauge part of the action, with a prefactor which counts four boson fields A µ minus the fermion ghost field η. The last term is the contribution from the Majorana fermions with an additional factor 1 2 due to the fact that integrating our fermion induce a Pfaffian. The effective potential (4.12) shows clearly how a mismatch between fermion and boson contributions is introduced by the lattice discretization. The Wilson fermions have a different derivative operator and an additional momentum dependent mass term in order to remove the doubling modes. In the continuum, a more compact expression for V eff is obtained in the massless case. It can be recovered in the naive a → 0 limit of (4.12)
log det(D 2 ). In this limit the difference between the boson and fermion derivative operators disappears. Gluon and adjoint fermion fields have an opposite contribution to the one-loop effective potential of the Polyakov loop which cancel exactly in the continuum if N f = 1, i. e. in the case of the N = 1 SYM. Supersymmetry ensures that this result holds to all orders of perturbation theory. In continuum N = 1 SYM theory, center stability is driven by pure non-perturbative effects [19] . For N f > 1 continuum theory, the center-stability is a one-loop perturbative effect. However, the symmetry between gluons and gluinos in SYM is violated on the lattice, and V eff differs from zero for non-zero lattice spacings. This fact will play an interesting role in Section 5.1 in order to explain the difference of lattice and continuum phase diagram.
The effective potential of the Polyakov line holonomies φ a (or their differences φ ab = φ a − φ b ) can be further simplified in momentum space [31, 32] . Assuming an infinite spacial extend of the lattice, an ∞ 3 ×N t site lattice, and neglecting holonomy independent contributions, we obtain the following representation
(4.14)
where the lattice momentap andp are defined aŝ
Consider first r = 0 and m 0 = 0, and set the holonomy field to zero in (4.14). The difference between boson and fermion derivatives on the lattice is essentially reflected in p 2 vs.p 2 . In fact, for bosons, the inverse propagator only vanishes at the origin of the Brillouin zone, as in the continuum case. However, for fermions, the inverse propagator is zero at all 16 corners of Brillouin zone, (0, 0, 0, 0), (±π, 0, 0, 0), . . . , (±π, ±π, ±π, ±π). The corners except the origin are referred to as doublers, and undesired from the continuum point of view. On the lattice, the Wilson term proportional to r leads to a momentum dependent mass that removes the doublers in the continuum limit. The Wilson term lifts the doublers by making the modes at p µ ∼ π acquire a mass of the order of cut-off (inverse lattice spacing). However, the Wilson term explicitly breaks chiral symmetry, and the fermion mass is both additively and multiplicatively renormalized.
The difference to the fermion determinants of the free theory is a shift of the modes in the compact or temporal direction by φ ab . This generalizes to any kind of fermion operator that can be implemented on the lattice: the effective potential is easily derived from a shifted momentum space representation. The shifts for the adjoint representation are
, for the fundamental one they would be φa Nt . In the case of SU (2) there is only one shift for the adjoint representation:
The effective potential for φ ab can be translated into an effective potential of different windings of the Polyakov loop. Again up to constant expressions one obtains the quadratic potential
The coefficients V (n) eff are the Fourier transform of V eff (φ ab ) with respect to φ ab
After some algebra, the following expression is obtained for the coefficients
−π dp 2π
, Z Nc center-symmetry is preserved and the minimum of the potential is at P , a corresponding subset of Polyakov loops will develop non-zero expectation values. In fact, if V (n) eff < 0 for n = 1, then so are all higher n. In this case, Z Nc center-symmetry is completely broken. If V (n)
, then the center symmetry may break to different discrete subgroups that can be easily determined.
Note that an increase of
indicates also an increasing susceptibility of the Polyakov line with winding number n. This provides a signal for the effective potential beyond the perturbative level that is investigated in Section 6.
We have computed the one-loop effective potential of SU(2) SYM on the lattice (4.12) or equivalently (4.14) for several values of N t . Clearly, unlike the continuum supersymmetric theory, for which due to supersymmetry the effective potential is zero to all orders in the perturbative expansion, the one-loop potential in the lattice formulation (4.12), (4.14) is actually non-vanishing,
This is hardly surprising because the lattice formulation based on Wilson fermions does not respect supersymmetry, and as such, we indeed expect a potential to be induced at one-loop order. The correct continuum limit is approached as R/a goes to infinity, which means the lattice spacing goes to zero at fixed physical R. Remarkably, Wilson fermions with Wilson parameter r = 1, even when the effect of doublers is completely lifted, have a stronger confining effect than continuum fermions, see Figure 1 , and lead to center stability even at one-loop level. In this respect, lattice SYM is similar to the N f > 1 continuum QCD(adj) [38] . The oneloop prediction is a center-symmetric (confined) phase in the small R regime at a given fixed lattice spacing and m 0 = 0. In the small R/a regime, the dynamics probes higher scales towards the cutoff 1/a. At these scales the doubling modes that are lifted with masses of the order of the cutoff are still relevant and have a confining effect.
If the mass is increased, a phase transition to a deconfined phase occurs [38] . This is calculable both in lattice perturbation theory and continuum methods and is discussed in Section 5. This phase is connected to the deconfined phase in pure YangMills theory. At N c > 2 the deconfinement transition is replaced by a transition to several intermediate phases with partially broken gauge symmetry, corresponding to the Higgs phases in the Hosotani mechanism [39] . The deconfined phase connected to the pure Yang-Mills case is reached after crossing these additional phases when increasing R.
Abelian vs. non-Abelian confinement regimes: first pass
In the following we discuss in more detail the particular features of confinement mechanism at small radius that arise in QCD(adj) for N f > 1 and at a finite lattice spacing also in the N f = 1 case.
The unbroken center symmetry at any R ∈ [0, ∞) does not have a unique implication for Polyakov loop eigenvalues. Originally, Polyakov thought that the phases of the loop would have completely random fluctuations and this would be the origin of the a vanishing expectation value for the Polyakov line operator in the confined phase. However, from the analysis of the confining perturbative effective potential we obtain two different pictures. Indeed, both at small and large-R, P L = 0, but at small-R the (untraced) Polyakov line is essentially e with small-fluctuations around it. We refer to this regime as Abelian confinement regime, where the theory dynamically abelianized due to the induced potential (4.12), (4.14).
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At large-R, the theory is strongly coupled at the compactification scale and the fluctuations of the Polyakov loop eigenvalues are random as can be seen from simulation results presented in Section 6.3. We refer to this regime as non-Abelian confinement regime.
Some intuition for the large-R case may be gained from strong coupling lattice perturbation theory. However, note that the strong coupling here refers to bare strong coupling at the cut-off. This regime of lattice theory is not necessarily continuously connected to continuum physics, yet the strong coupling expansion has some benefits to understand the lattice results. In particular, at infinite bare coupling, β = 0, we can ignore the action and the first term in the strong coupling limit is the reduced Haar measure with an effective potential for the Polyakov line eigenvalues
Dynamical abelianization is interesting on its own right, and the class of theories we are examining exhibits some differences from other calculable QFTs which exhibit confinement. In Georgi-Glashow model in 3d [1, 40, 41] and Seiberg-Witten theory in 4d [42] , the long distance theory abelianize due to a tree-level (classical) potential. In QCD(adj), at tree level, there is no potential for Polyakov loop. It is induced at one-loop level dynamically, and leads to abelianization of the long distance theory [4] . Dynamical abelianization should also not be confused with 't Hooft's maximal abelian gauge proposal [43] , which enforces abelianization by hand as a gauge choice. Needless to say, this is done in QFT which becomes strongly coupled at large-distance and in particular, is not semi-classically calculable.
The reduced Haar measure will always drive the theory to the confined phase. Since we are discussing the continuum physics that arise from bare weak coupling (as per asymptotic freedom) of lattice field theory, we will not discuss strong coupling expansion. Nevertheless the Haar measure has to be considered as an important contribution in the lattice simulations. In simulations, we use the distribution of the per-site Polyakov loop phase φ normalized with respect to the Haar measure for different R to gain a sense of distinction between Abelian and non-Abelian confinement regimes.
The picture that emerges by the examination of the thermal and graded partition functions corresponding to thermal and periodic compactification with analytic (lattice perturbation theory at weak coupling domain) and numerical (both at weak and strong coupling domain) methods is as follows: At low temperatures or large-circle size R where the theory becomes strongly coupled, there are rather unconstrained fluctuations of the φ ab , which leads to a vanishing Polyakov line expectation value. At higher temperatures, or small circles, the weak coupling at the scale of the circle size admits a calculable potential for the Polyakov loop, which may lead to either to a confined or deconfined vacuum depending on the details. The Polyakov line expectation value is in this case determined by the minimum of the effective potential of φ ab and the randomness of the fluctuations becomes suppressed, regardless of whether the theory is confined or deconfined. However, the suppression of the randomness of fluctuations will happen in different ways: in the thermal deconfined phase, there is a dominance of the φ = 0 center-broken configuration, in the periodic confined phase, a dominance of the φ = π 2 center-symmetric configuration. The center-symmetric suppression of the randomness of fluctuations is a signal of the dynamical abelianization according to the Abelian confinement picture. The confinement that takes place at large-circle (strong coupling) is referred to as non-Abelian confinement picture. In the present work, we provide evidence for the continuity between the two.
It is also worth mentioning that historically better known examples of Abelian confinement mechanisms such as 3d Polyakov model [1] and softly broken SeibergWitten theory in 4d [42] , have a property which is unlike pure Yang-Mills. In pure YM, k-string tensions are classified by N c -ality. There is only one-type of string between a quark with N c -ality k and its anti-quark with tension T k . Consider for example the 1-string tension T 1 . However, in the above mentioned theories, since the gauge group is U (1)
Nc−1 and since the Weyl symmetry permuting gauge group factors are spontaneously broken, T 1 is replaced by N c − 1 fundamental strings, T 1,j as shown in [44] . This is not so in QCD(adj) as well as deformed YM, where the Z Nc sub-group of the Weyl group remains intact in the Abelian confinement regime. Consequently, there is again only one-type of fundamental string, see [45] for details.
Different Polyakov line effective actions
A better understanding of the different non-perturbative definitions of the Polyakov line effective action is required to link lattice results to the one-loop perturbative calculations. There is a difference between th effective action for the Polyakov loop P L and the one of φ a . These two effective actions are related for a constant background by the Fourier representation of Eq. (4.16), but there is no general identification between the expectation values P L and φ a . We won't enter the discussion about the convexity of the effective action since it is not relevant for our discussions, see [46] for further details.
The relevant counterpart of the effective action that is easily accessible on the lattice is the constraint effective potential, see [46] [47] [48] for a discussion. Up to an overall constant, it is the logarithm of the probability density of the observable O
The integration variable θ represents all gauge and fermion fields. The probability density P pdf,O (Φ) can be numerically approximated by the histogram of O obtained from the Monte-Carlo data. The most relevant information can be already extracted from the lowest moments of the distribution. A crucial role is played by the second moment which is equivalent to the susceptibility of Eq. A constraint effective potential can also be defined from the per-site distribution of the observable. This distribution can be determined with a better accuracy due to the additional volume averaging factor in the statistical sampling. The per-site distribution is significantly different from the distribution of the volume averaged observable. Smoothing techniques of the field configuration can be applied in order to match the two distributions, but still the infinite volume limit is not well defined for the per-site distribution. In the strong coupling limit the per-site constraint effective potential agrees with the constraint effective potential of the Polyakov line. This leads to the several different definitions of the Polyakov line effective potential mentioned Figure 2 . A sketch of the expected phase diagrams in N f QCD(adj). Figure (a) is the continuum case in SYM with the semiclassical predictions valid on the small (R, m) corner, the well established numerical results at large-m (where semi-classic does not apply) and the conjectured continuity of the transition line. Figure (b) is the phase diagram of SYM on the lattice at a fixed lattice spacing. At small R/a regime the transition line approaches lattice perturbation theory. The "lattice pert. regime" corresponds to a region where the coupling stays small at the scale of compactification. There are crucial discretization effects in this regime. In this regime the theory behaves similar to continuum QCD(adj) with larger N f . (Figure (c) 
f becomes larger than a certain critical value dictated by lower end of conformal window and smaller than asymptotic freedom bound, the theory on decompactification limit is a CFT. However, upon compactification (with periodic boundary conditions), center is stable and confinement sets in. Continuum one-loop perturbative analysis can be used to show that R c m = 3.484 for N f = 5 (lower transition line). The upper transition line is non-perturbative and not calculable.
in the literature: the Polyakov line effective potential, the per-site Polyakov line effective potential and the same for the effective potential of φ a .
The per-site distribution has been investigated in particular to confirm the nonAbelian confinement. As explained above, the contributions of the Haar measure have to be factored out in order make contact to this view of the confinement mechanism. Such an analysis has been done in [39] for the case of SU(3) QCD(adj) with larger N f > 1 and we perform a similar analysis here for SU(2) SYM. In addition, we discuss the susceptibility in order to get information about the form of the effective action from the numerical simulations.
The phase diagram on the continuum and lattice
Below, we review the phase diagram of N = 1 SYM and QCD(adj) with periodic boundary condition on R 3 × S 1 . Part of these phase diagrams are calculable by weak coupling methods involving a combination of perturbative one-loop effective potential for Wilson line and non-perturbative semi-classical methods.
Next, we describe the calculable critical compactification radius R c as a function of N f and m 0 by using the one-loop effective potential on the lattice. We also briefly review the part of the phase diagram that is accessible by lattice techniques, but not via weak coupling methods.
Continuum, N f = 1 QCD(adj): The phase diagram of N = 1 SYM theory in continuum is shown in Figure 2(a) . The small (m, R) corner of this phase diagram is semi-classically calculable and exhibits a center-symmetry changing phase transition thanks to asymptotic freedom and unbroken center symmetry in the chiral limit [19, 38] . In the large-m regime, the theory approaches to pure YM as the fermion decouples. This regime is not semi-classically calculable, but from lattice simulations, it is known that a transition exists and it is natural to expect that the transition line extrapolates from small m to large-m regime. In this picture, there is only one transition line from confined to deconfined phase. The theory is non-perturbatively confined for all m < m c or R > R c in the calculable limit where the transition boundary is at [19] R c = Λ
where Λ is the strong scale. There are two conjectural continuities in the phase diagram shown in Figure 2 (a) corresponding to the twisted partition function (1.1):
• Adiabatic continuity between the small-R weak coupling confined phase and large-R regime where the long distances theory becomes strongly coupled.
• The continuity of semiclassical (weak coupling) and the strong coupling phase transition.
There is a sufficiently strong reason to believe continuity if the fermion mass is zero.
(1.1) reduces down to supersymmetric Witten index [18] at m = 0,
which counts the number of ground states. At fixed small-m, for R < R c , one can prove the stability of the confined phase, and also prove the existence of center symmetry breaking for R < R c [19] . The main aim of the present work is to find a non-perturbative evidence for the above adiabatic continuity conjectures. 
Even at very large-m, as one dials R, it is possible to show that V 1 is positive for R < R c and center symmetry is stable. V 1 is negative for R c < R Λ. This calculable phase transition correspond to the lower lines in Figures 2(b) and 2(c) . The lower phase boundary for SU(2) N f flavor QCD(adj) for any N f < N a.f f is given by [38] The interesting aspect of the phase diagram is the non-decoupling of heavy fermions once the circle size is taken sufficiently small. In that regime, the fermion, despite being heavy, enters in the combination mR and a sufficiently small R makes the fermions behave as if they were light in that regime. The upper lines in these figures are incalculable by weak coupling methods, but it is essentially the deconfinement radius of pure YM theory because massive fermions decouple in that regime.
Lattice:
The expected deconfined regions on the lattice are shown for different N f in Figure 3(a) . Even for N f = 1, there is a perturbative transition line since lattice artefacts violate the exact cancellation between gluon and fermion loops, especially at scales close to the lattice cutoff 1/a. Such a significant deviation from the continuum phase diagram is expected for small R/a, while in the large R/a regime a good agreement with the continuum predictions should be observed. The corresponding convergence to the continuum limit is shown in Figure 3(b) . The deviations from the continuum phase diagram at m 0 > 0 and small R/a are labeled as the "lattice pert. regime" in Figure 2 (b). In this regime the theory behaves rather similarly to QCD(adj) for N f > 1 in the continuum with a confined phase that extends up to larger m the smaller R/a is. The appearance of this regime is in agreement with the result of our first numerical simulations [29] .
The coefficient V (n) eff in the perturbative effective Polyakov loop potential of SYM provides some further indications for the difference between lattice and continuum phases: the numerical solution shows that it monotonically decreases with R/a. In the continuum V (n) eff = 0 at the perturbative level and due to the non-perturbative contributions it becomes an increasing function of R. There is hence a competition between non-perturbative effects and perturbative lattice artefacts: the transition to the "lattice pert. regime" is indicated by a turnover from the increasing continuum to the decreasing lattice perturbative behaviour, a minimum of V (n) eff and a maximum of the susceptibility. The investigation of the continuity in SYM is limited to a certain range of R/a before this turnover, where the lattice artefacts are under control. This is the limit of large R/a while R is kept small. Even outside this regime, the qualitative properties are not completely different. They can be compared to N f > 1 QCD(adj) in the continuum and the qualitative features should be similar.
The perturbative continuum regime is reached considering the limits β → ∞ and R/a → ∞, the continuum limit for an asymptotically free theory regularized on the lattice. In this limit there is a simple perturbative relation between the renormalized mass m and the bare mass in lattice units m 0 . A regime where the perturbative effective potential provides a reasonable approximation is also approached in the small R/a limit at fixed lattice spacing. However, this is not strictly perturbative, in particular a non-perturbative renormalization of the mass is required. The mass parameter m 0 in the perturbative formulas is replaced by m/a fixed by some renor-malization condition, in our case a fixed value of the adjoint pion mass in the large R limit. The fixed scale approach that we apply in our current study allows to keep the line of constant physics, i. e. constant renormalized parameters, unambiguously, compared to our previous studies in [29] .
Explanation of the discrepancy of lattice and continuum
The phase diagram of lattice SYM with Wilson fermions and Wilson parameter set to r = 1 exhibits a different phase structure than in the continuum limit. In particular, for sufficiently small-bare mass, the lattice theory is always confined and for a large mass, it is confining at large R, deconfined in an intermediate regime, and confined again at small-R, as shown in Figure 2(b) . Note that the lattice regularization neither respects supersymmetry, nor chiral symmetry. In fact, if it were to respect one, it would respect the other as the only relevant chiral symmetry breaking operator mλλ is also the only supersymmetry breaking relevant operator for this system.
Here, we would like explain this discrepancy in slightly more detail, and argue that both of these conclusions are actually correct, and that there is no contradiction between the two results.
Recall that both the continuum and lattice study aims to understand phase structure of the theory by usingZ
In continuum, for m = 0,Z(R, 0) is the supersymmetric Witten index and is independent of R. Hence, there is no phase transition on the m = 0 axis for any value of R. In the small-R regime, there is no perturbatively induced potential for Wilson line. There are non-perturbative monopole-instantons with two fermion zero modes M a = e −Sm e − αa·( φ−i σ) ( α a λ) 2 where φ is the holonomy field and σ is the dual photon. The crucial point is that despite the fact that monopole-instanton couple to holonomy field, it does not induce a boson potential as it has fermion zero modes. Rather, they do induce a chiral condensate as well as a superpotential. Note that The bosonic potential for SU(2) SYM is:
which has a minimum at φ = π 2
. Once a small mass for the fermion is added to the SYM action, (5.5) is still a well-defined object, however it is no longer the Witten index as the supersymmetry is explicitly broken. It can be interpreted as a twisted/graded partition function in which boson and fermion states are added according to a Z 2 = (−1)
F grading. Once a small-mass is turned on, there is a perturbatively induced GPY potential, and monopole-instanton effects also induce a potential for the Wilson line holonomy as the soft mass lifts the fermion zero modes. Both of these effects are centerdestabilizing and proportional to the soft-susy breaking parameter m, while the neutral bion effects are center-stabilizing. The competition between these three effects, neutral bions vs. perturbative and monopole-instanton effects is responsible for the existence of the center and chiral phase transition. Also note that as R gets smaller, the center breaking effects certainly dominate, with no change for the center-symmetry to stabilize again.
On 
If the Wilson term is set to r = 1, indeed, there are no doublers but rather interestingly, a lattice Wilson fermion, in its effect to center-symmetry realization and to the potential (4.14) is more powerful than a single continuum fermion! For this reason, the lattice theory with N f = 1 is behaving similar to 1 < N f < N * f continuum theories.
In this sense, N lattice f = 1 is capable to undo the center-breaking effect of gauge fluctuations even at one-loop order. This is the reason that center-symmetry is stable at one-loop order in lattice perturbation theory in the m 0 = 0 limit,
The lattice center-stabilizing effects given by Wilson fermions continue to hold true for sufficiently small bare mass m 0 of fermions. Furthermore, for very large-m 0 , as one dials R, it is possible to show that V 1 is positive for R < R c and center symmetry is stable and V 1 is negative for R c < R Λ. This calculable phase transition correspond to the lower line in 2(b). The upper line is incalculable by weak coupling methods, but it is essentially the (inverse) deconfinement temperature of pure YM theory. Note that fermions play a two fold role here. The interesting aspect is the non-decoupling of heavy fermions once the radius is taken small. In that regime, the fermion, despite being heavy, enters in the combination m 0 R and sufficiently small R makes the fermions behave as if they are light. When R is sufficiently large, the fermions essentially decouples from the dynamics and we have the transition of pure Yang-Mills theory.
This observation can be phrased in a different way: at each N t = R/a there is a fixed value of m 0 = am for the transition. This means that as a function of a in simulations at fixed N t , the transition line follows a constant m c R c like N f > 1 QCD(adj) in the continuum. This fixed N t approach has been applied in our previous simulations and the results show indeed a narrowing of the deconfined region towards smaller a, i. e. larger β [29] . The continuum limit hence requires the large N t limit. At fixed N t = 4, lattice N f = 1 QCD(adj) is comparable to N f > 4 in the continuum, see Figure 3 (c). Note that this simple relation holds only at the one loop level.
The fermion-boson mismatch of the dispersion relations is essentially the reason why the lattice theory with N lattice f = 1 behaves differently from the continuum theory with N f = 1. In the continuum limit, with the tuning towards supersymmetric point, the lower transition line in Figure 2 (b) tends towards R = 0 and one expects the continuum phase diagram shown in Figure 2(a) .
In the next section, we present evidences from Monte-Carlo simulations giving rise to the phase diagram Figure 2(b) , providing a numerical proof of the idea of adiabatic continuity between the small and large radius for sufficiently light fermions. Furthermore, we will also provide evidence for the continuity of the phase transition lines between the weak coupling calculable regime and strong coupling incalculable regime.
Numerical results for compactified adjoint QCD
We have performed numerical simulations of SU(2) QCD(adj) with thermal and periodic boundary conditions for different fermion masses and couplings. Most of our simulation are for N f = 1 but we have also considered N f = 2 QCD(adj) in an exploratory study. The main focus are the Polyakov loop, its susceptibility, and the Binder cumulant, to investigate the theoretical conjectures about the deconfinement transition. In the fixed scale approach the compactification radius R is proportional to the number of lattice sites in the temporal direction N t = R/a. Since the lattice spacing is fixed, we can disentangle easily the renormalization effects and the tuning of the bare fermion mass from the change of the compactification radius. Based on our previous experience, a rather small lattice spacing is required since the lattice itself is a relevant source of supersymmetry breaking, even more relevant than the breaking induced by the gluino mass. For this reason we have compared different lattice actions. 
Confined and deconfined phases in SYM theory
The Polyakov loop and its susceptibility provide a signal for a possible deconfinement transition. Typically the transition can be identified by the peak of the susceptibility and by its divergence in the thermodynamic limit. Here a special care is required since the expected regime at small compactification radii is characterized by large fluctuations of the Polyakov loop, which are unrelated to the fluctuations between the confined and deconfined phases. The expectation value of |P L | and its susceptibility can become large without a deconfinement phase transition for periodic boundary conditions just because of the almost flat effective potential. A precise estimation of the phase of the theory can be obtained from the histogram of the Polyakov loop and from the Binder cumulant. The Polyakov loop and its susceptibility are shown in Figure 4 .
5 As expected, thermal boundary conditions lead to a deconfinement transition at R/a ∼ 7 indicated by a steep rise of the Polyakov loop expectation value and by a peak of the susceptibility. The Polyakov loop expectation value for periodic boundary conditions remains rather small, but a large value of the susceptibility is observed at R/a ∼ 5. However, even close to the maximum, the histogram of P L is still peaked at zero as in the confined phase. The large values of the susceptibility originate from a broadening of the Polyakov loop distribution but not from a phase transition, see Figure 5 . The constraint effective potential becomes nearly flat, but its minimum remains at zero. At the smallest R/a the susceptibility decreases again, a behaviour compatible with the predictions of lattice perturbation theory. The Binder cumulant shows further evidences for such a scenario. If thermal boundary conditions are chosen for the gluino, B 4 crosses the critical value of the Z 2 Ising universality class. Instead, the Binder cumulant never reaches this value in the periodic case, see Figure 4 (c), and it decreases toward zero at the smallest R/a, in agreement with the perturbative predictions.
We have simulated the theory also with a different lattice action and a different lattice spacing and obtained compatible results, Figure 6 . In this case a larger volume would be required for a clearer identification of the thermal deconfinement transition from the peak of the susceptibility. The transition at T c corresponding to R/a ∼ 12 is more clearly identified by the Binder cumulant 6(c). The phase diagram is in good 5 In lattice simulations, it is a common practice to look at |P L | instead of P L . The reason for the absolute value is the fact in finite volume and finite N c , there are no strict phase transitions. The transitions between different vacua which is forbidden for the theory on In these simulations one level of stout smearing was applied to the gauge links in the Dirac operator. The physical observables at these parameters can be found in [33] .
agreement with Figure 4 : for periodic boundary conditions very large peak value of the susceptibility is obtained at rather small compactification radius R/a = R p /a ∼ 6 and the susceptibility decreases at smaller R. The separation of the peak of the susceptibility for periodic boundary conditions from the one of the thermal transition becomes significantly larger at the smaller lattice spacing. This indicates that R p T c becomes smaller and might even, as expected for continuity, vanish in the continuum limit. The absence of a confined phase in periodic compactified SYM is quite stable with respect to a change of the gluino mass. 
N f = 2 QCD(adj)
There is a limited knowledge about the properties of N f = 2 QCD(adj) at zero temperature. Recent numerical investigations have shown some evidence that the model could be already near the conformal window [49] , see also [24] for a recent theoretical analysis. The running of the strong coupling has been found to be, however, quite different from zero [50] . The spectrum of the theory has a light 0 ++ glueball and an heavier pion(gluino-ball), while the opposite occurs in the QCD bound spectrum. This theory is free from the Pfaffian sign problem, but a near conformal behavior requires rather large volumes to be safe from finite volume corrections.
In the numerical simulations of this theory we have found a clear signal of a deconfined intermediate phase and confined phases at large and small R/a, see Figure 7 . The deconfinement can be clearly identified by the histogram in Figure 7 (c). The different theories can not be directly compared with each other, but in the simulations we have considered so far we never observed the disappearance of the intermediate phase. The intermediate phase is expected in general for heavy fermion masses, but for a conformal theory it should persist even for arbitrary low fermion masses, compare Figure 2 (c). It is hard to judge about the conformal behavior based on our present simulations, but at least they are not contradicting it.
The extension of the intermediate deconfined phase seems to be related to different competing effects. The one-loop calculation for Polyakov loop suggests that the confined phase at small R for a given m becomes larger the larger N f is, which implies a shrinking deconfined phase with N f . Fermions enforce center-stability and confinement in the perturbative small R regime. On the other hand, fermions induce screening effects in the β function. In the chiral limit, the leading order coefficient of the beta function is β 0 = N f N . Therefore, fermion fields also counteract confinement at large R due to screening effects. Our results tend to indicate that the sum of these effects prefers the extension of the deconfined phase, but further analysis and a more detailed consideration of finite volume effects are required in order to make a clearer statement about the continuity at N f = 2. Further studies of the two-flavor theory might be interesting in particular regarding the conjectures of [24] about the chiral transition.
Eigenvalue distributions and Abelian vs. non-abelian confinement
In this section we consider the distribution of the Polyakov line eigenvalues in SYM with the same parameters as in Figure 6 . As discussed in Section 4.2, the per-site distribution corresponds to the per-site constraint effective potential. It is different from the effective action of the volume averaged Polyakov eigenvalue phase and in the strong coupling limit it becomes equivalent to the Haar measure. We consider the probability function P pdf,φ (φ) of finding a Polyakov line at an arbitrary spacial point x whose eigenvalues are exp (±iφ(x)) in a random configuration of the Markov chain.
Abelian vs. non-Abelian confinement:
The constraint effective potential obtained from the distributions is shown in Figure 8 . In case of thermal boundary conditions it is similar to the pure gauge case [51] . The asymmetric form above the deconfinement transition indicates a positive or negative expectation value of the Polyakov line. In the periodic case the plain probability function does not show a considerable dependence on the compactification radius R/a. The deviations become much clearer if the per-site distribution is normalized by the Haar measure, see Figure 9 . Due to numerical instabilities, the division by the Haar measure produces some artificial distortion in the regions where it is small. There are two possible mechanism which may render P L = 0 in SYM compactified on a circle and both of these are taking place in the theory, albeit at different regimes, that we refer to as non-Abelian and Abelian confinement. Figure 6 . The plot in this representation can be directly compared to the pure gauge case [51] .
• Random distribution: The flat distribution observed at large compactification radii is compatible with the non-Abelian confinement picture: random fluctuations of the phase φ in a nearly flat effective potential are the origin of the a vanishing expectation value for the Polyakov loop.
• Abelianizing distribution: At small R/a the behaviour might be identified with the picture of Abelian confinement, where confinement is produced by a distribution of φ centered around the zeros of cos(φ).
It is remarkable that the theory up to a very small radius R ∼ 2/T c shows a distribution compatible with the strong coupling limit. 6 SYM, and more general QCD(adj), as well as center-stabilized Yang-Mills and QCD theories are expected to possess both regimes, an Abelian confinement regime where adjoint Higgsing is operative, and a strong coupling regime where random fluctuation of the phase of the Polyakov loop take over. Our numerical results provide evidence for the continuity between these two regimes.
Any constraint effective potential obtained from the distribution of the order parameter is symmetric under center symmetry on a finite volume in the limit of infinite statistic. The spontaneous breaking of center symmetry appears in the constraint effective potential of the volume averaged order parameter in terms of two minima related by the broken symmetry. The barrier between these minima diverges in the infinite volume limit and this signal is stable under a symmetrization of the distribution. Such an effect does not appear in the per-site distributions. With a finite statistics and spontaneously broken center symmetry the non-zero average Polyakov loop will lead to asymmetric distributions as in Figure 8 , but a symmetrized distribution will in general not show a double peak. Nevertheless it is instructive to investigate the symmetrized per-site distributions in order to qualify the difference to the Haar measure. Symmetrization of the distributions with respect to center symmetry meansP pdf,φ (x) = 1 2
(P pdf,φ (x + π) + P pdf,φ (x)) for SU (2) . The symmetrized distributions normalized to the Haar measure are shown in Figure 10 . The difference between the preference of the confined or deconfined minima compared to the Haar measure can be clearly observed.
Information about the distribution of the volume averaged φ, which is more directly related to the effective potential, can be obtained from the susceptibility of this observable. Like for the case of the traced Polyakov line in Figure 6 , there is a peak at a certain R/a that indicates the flattening of the effective potential, but not a phase transition. It is expected that the maximum of the susceptibility moves to smaller and smaller R/a in the continuum limit and the effective potential becomes flat (up to non-perturbative contributions) at small m and R.
Different from the expected continuum behaviour, we observe at very small R/a at the same time decreasing susceptibilities of P L and φ together with a narrowing of the per-site distribution divided by the Haar measure. This is an indication of the "lattice pert. phase" in Figure 2 (b) with suppressed fluctuation of φ. It is a lattice artefact, but not a severe one since the theory becomes just similar to QCD(adj) at larger N f . The region where regarding the vanishing perturbative contributions compactified lattice SYM is most similar to continuum SYM at small R is close to the maximum of the susceptibility.
The Polyakov loop in the adjoint representation
In addition to P L , we have also measured the expectation value of the Polyakov loop in the adjoint representation. Even at zero temperature, it is expected to have a nonvanishing expectation value since it is not fixed by center symmetry. It is interesting to note that for periodic boundary conditions the adjoint Polyakov loop develops a negative expectation value at small R/a, while the Polyakov loop in the fundamental representation is always close to zero, see Figure 11 . The adjoint Polyakov loop for thermal boundary condition develops, on the other had a positive expectation value.
The non-vanishing expectation value of the adjoint Polyakov loop can be approximately related to perturbative effective potential and the behavior of the per-site distribution of φ. On each site the phase φ(x) determines the trace of the fundamental Polyakov line as cos(φ) and the adjoint one as 1 + 2 cos(2φ). One can assume that the expectation values are basically determined by the per-site distribution of φ:
The probability distribution function P pdf,φ (φ) at strong coupling (larger R/a) is proportional to the Haar measure. In this case both integrals are zero, meaning a vanishing expectation value of both in the adjoint and in the fundamental representation. At smaller R/a, the probability distribution found in Section 6.3 can be well described by a functional of the form
where α is a small positive constant, 0 ≤ α < 0.5. The term proportional to cos(4φ) still vanishes in the integral (6.1), but the integral (6.2) is now equal to
This implies again a negative value of the adjoint Polyakov loop. However, this is only a crude approximation that becomes exact only in the strong coupling limit. The main effect is due to a localization (Abelianization) of the distributions: the random distribution of φ according to the Haar measure leads to P A = 0, P L = 0. In the completely localized limit, on the other hand, φ can be set to the perturbative minimum φ = π 2
for periodic and φ = 0 for thermal boundary conditions. In this saddle point approximation, the values are P A = 0, P L = 0 for the periodic and P A = 0, P L = 0 for the thermal case. SYM in the continuum has only a nonperturbative localization of the distributions. Lattice artefacts provide localization effects even at the perturbative level, but still the numerical results show only a small non-zero value of P A at the smallest R/a. Subtracted chiral condensate as a function of the compactification radius for periodic and anti-periodic boundary conditions with the same parameters as in Figure 6 . The black vertical line indicates the maximum of the chiral susceptibility for anti-periodic boundary conditions. Note the persistence of the chiral condensate when fermions are endowed with periodic boundary condition up to much smaller circle size.
The chiral condensate
The chiral condensate provides information about the spontaneous chiral symmetry breaking as a function of R/a. The bare condensate corresponds to the derivative of the partition function with respect to m,
A rough one-loop perturbative prediction can be computed from a derivative of the effective potential with respect to m setting φ to the value of the minimum, corresponding basically to the trace of the fermion propagator in the given gaugefield background. In this perturbative limit one obtains rather small values that are decreasing with R/a and proportional to the mass term including the Wilson mass.
Recall that since Wilson fermion does not respect chiral symmetry, the condensate receives both additive and multiplicative renormalization. The subtracted condensate,
is considered to remove the additive renormalization. The subtraction is performed with respect to a fixed radius R r , in the present case R r /a = 4 and thermal boundary conditions. The transition from the low temperature broken phase with a nonvanishing expectation value of the condensate to the unbroken phase is indicated by a jump of λ λ S . The subtracted condensate as a function of N t = R/a is shown in Figure 12 for periodic and thermal boundary conditions. In the thermal case there is a signal for a chiral transition around the same point as the deconfinement transition.
It can be identified by the peak of the chiral susceptibility. The considerable decrease of the thermal λ λ S at very small N t is an indication of lattice artefacts introduced by the Wilson fermion discretization. The chiral susceptibility remains small in this region, which indicates the absence of a physical phase transition. The subtracted chiral condensate for periodic boundary conditions is close to its large-R value up to a small radius R/a ∼ 6. At an even smaller radius there is an decrease of the subtracted chiral condensate in accordance with the perturbative prediction. This appears where also in the case of thermal boundary conditions, the lattice artefacts introduce a significant distortion. The decreasing values of the chiral condensate might also indicate a relation to the adjoint Polyakov loop such as found in [52] . Our findings can also be compared to the investigation of the chiral order parameter with adjoint staggered fermions at larger N f and periodic boundary conditions in [53] , where it was found that the chiral symmetry remains spontaneously broken to small R with an indication for a chiral symmetry restoration at very small R.
The crucial point is that unlike thermal compactification, the chiral condensate persists up to rather small circle size in the circle compactication. In fact, as long as center-symmetry is intact, chiral symmetry breaking remains robust. This provides further evidence for the idea of adiabatic continuity.
Conclusions
Our study of compactified QCD(adj) on the lattice has extended the present knowledge of the phase diagram of this class of theories and our previous analysis in several aspects. We have focused in particular on the N = 1 supersymmetric Yang-Mills theory. We have analyzed the lattice theory in the perturbative setup and determined in particular the deviations from continuum perturbation theory. Already in the perturbative calculations, there is a clear difference between the lattice and the continuum predictions for the phase diagram. From these calculations we have conjectured the phase diagram of QCD (adj) on the lattice and found good agreement with the observations in our first results [29] . These first investigations have been limited by the difficult issue of renormalization of the bare parameters. Therefore we have chosen a fixed scale setup in the present investigations.
We have measured a number of different observables in order to characterize the different phases that appear as a function of the compactification radius R. Up to small R our observations are in accordance with the analytical predictions: there is no phase transition and a flattening of the effective potential of the Polyakov line is observed towards smaller R. Chiral symmetry remains spontaneously broken in the confined phase up to small R.
At very small R there is a phase with considerable deviations from the continuum predictions. The fermion discretization leads to a behaviour expected for a larger number of fermion flavours in the continuum. Decreasing R, a continuous extension of the deconfinement transition line towards smaller m is expected for continuum SYM. On the lattice the confined phase extends instead to the large m limit when R tends to zero at a fixed lattice spacing. A peak in the Polyakov line susceptibility that is not related to deconfinement indicates the transition to this phase with considerable discretization effects. We have found indications that the deviation between the thermal deconfinement transition and this peak of the susceptibility increases towards the continuum limit. If this observation can be further substantiated, it would confirm the continuity of the deconfinement transition and the validity of the semiclassical analysis. The appearance of the lattice artefact phase can already be understood from the perturbative analysis. It is furthermore characterized by a decreasing chiral condensate and a negative adjoint Polyakov loop.
Despite these differences between lattice and continuum in the small R regime, the general prospects of the investigation of compactified QCD (adj) on the lattice are quite good. Even the phase with strong deviations between lattice and continuum the theory remains confined. The region where the properties of the theory are most similar to the continuum expectation is close to the peak of the susceptibility. At this point the nearly flat effective potential provides an ideal playground to investigate non-perturbative semiclassical effects.
Already the case of the N f = 2 QCD(adj) is quite difficult to investigate due to the near conformal behaviour. Our observations show a deconfined intermediate phase, but a more precise analysis is required to investigate the large volume and small mass regime of this theory. The interest to this theory is also related to the determination of possible candidates for a walking technicolour scenario.
In addition our investigations are related to the considerations of supersymmetric Yang-Mills theory compactified to lower space times. In some of these investigations the compactification is done on the lattice setting N t = 1 in the compacitified direction. From the perspective of our investigations, this might lead to sizable deviations from the theory that is compactified in the continuum. For example a three dimensional SYM theory obtained from simulations at R/a = 1 would be in the confined lattice perturbative phase that we have observed. We plan to investigate whether this leads to further effects when the theory is compactified down to two dimensions.
